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A constitutive equation for nonlinear stress–strain
curves of crystalline polymers

KOH-HEI NITTA* , MASAYUKI YAMAGUCHI**
Centre for New Materials, Japan Advanced Institute of Science and Technology,
1-1 Asahidai, Tatsunokuchi, Ishikawa, 923-12 Japan

We present a new method for the analysis of stress—strain curves for crystalline polymers
such as polypropylene and polyethylene. A nonlinear constitutive equation that includes
terms that cover the plastic deformation and anharmonicity of the spring is developed. In
order to quantitatively characterize the nonlinear viscoelasticity using this equation, data on
the transient moduli during elongation at a constant rate of strain are required. Hence, the
simultaneous measurements of linear oscillatory viscoelastic moduli during a constant rate
of elongation were investigated. It was found that the present method makes possible the
evaluation of the plastic deformation fraction and the Grüneisen constant for crystalline
polymers.  1998 Chapman & Hall
1. Introduction
The mechanical properties of polymer solids exhibit
a marked deviation from linear viscoelastic behaviour
even at small strains [1]. This nonlinear viscoelastic
behaviour is an important property that has to be
considered in the application of these plastic mater-
ials. The mechanical properties of polymers are
generally treated in terms of phenomenological
models [2—8]. A considerable effort has been ex-
panded in order to develop constitutive equations
based on modifications of the Boltzmann superposi-
tion principle following the pioneering work of
Leaderman [2].

Crystalline polymers have a more complicated
mechanical behaviour compared to amorphous poly-
mers due to their complicated structures that are com-
posed of both crystalline and amorphous phases
[9, 10]. In addition it is well known that polymers
containing a high crystalline fraction show strong
nonlinearity in their elongation deformation behav-
iour. It has been observed that plastic deformation
[11—13], such as dislocation, the formation of micro-
voids, and the slippage of crystallites, can arise from
any applied strain or stress and that a nonlinear inter-
molecular interaction [14, 15] can be caused by
thermal excitation and strains. Thus, the currently
available nonlinear viscoelastic constitutive models,
that do not consider these effects, are insufficient to
fully describe the nonlinear mechanical properties of
crystalline polymers. The plastic deformation and an-
harmonic interaction need to be considered if fully
representative nonlinear constitutive models are to be
produced.
*To whom correspondence should be addressed.
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The aim of this work is to develop a nonlinear
constitutive model that includes the plastic deforma-
tion and also to demonstrate a new analytical method
which makes it possible to characterize the nonlinear
stress—strain behaviour of crystalline polymers such as
polypropylene and polyethylene.

2. Constitutive equation
A nonlinear Maxwell element consisting of a nonlin-
ear spring, E

*
, and a linear dashpot with a tensile

viscosity, g
*
, connected in series is the basis for the

present theory as is shown in Fig. 1. The following
assumptions have been applied: (1) the nonlinear re-
sponse is assumed to be caused by anharmonicity (or
nonlinearity) of the elastic elements; (2) the anhar-
monicity is independent of the time-scale of the excita-
tion when a time-dependent excitation is applied; and
(3) the cross-sectional area remains constant during
the elongational deformation.

The anharmonicity will be developed using the ex-
perimental facts that the crystal lattice exhibits a ther-
mal expansion, particularly in the a-dispersion regions
[16—18], and also that the vibrational frequencies of
the crystalline bands in the infrared and Raman
spectra are shifted by applied stresses or strains
[14, 19]. These frequency shifts largely depend on the
magnitude of the applied stresses or strains.

If assumption 3 is valid, the stress can be defined as
the load per unit area of undeformed cross-section.
This may be achieved by deforming an isotropic film
with a small strain. Then, the constitutive equation
can be treated by a one dimensional representation.
Kasumi, Yokkaichi, Mie, 510 Japan.
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Figure 1 Nonlinear Maxwell element. Nonlinear modulus: E
*
"

E
0*

e!2c
G
e
%* and relaxation time: k

*
"g

*
/E

0*
.

In this work, for the sake of simplicity, the anhar-
monic spring introduced by Toda is adopted. The
anharmonic potential function, / (e), is expressed by
a closed form [20, 21]:

/ (e) " ae!
a

b
(1!e~be) (1)

where a and b are positive constants, and e is the
strain. Differentiating Equation 1 with respect to the
strain, we obtain the equation for the stress—strain
relation:

r (e) " a (1!e~be) (2)

Again, differentiating Equation 2 with respect to the
strain, we obtain the transient elastic modulus:

E (e) " ab e~be (3)

Thus, the Young’s modulus E
0

and the Grüneisen
constant c

G
, which determines the degree of anhar-

monicity [22], can be obtained by:

E
0

" lim
eP0 A

dr

de B (4)

and

c
G

" !

1

2

d lnE

de
(5)

Substituting Equations 2 and 3 into Equations 4 and
5, respectively, we obtain:

E
0

" ab (6)
and

c
G

"

b

2
(7)

Consequently, the stress—strain relation of a nonlinear
spring can be rewritten as:

r (e) "

E
0

2c
G

(1!e!2c
G
e) (8a)

If we expand the stress function in terms of a power
series of e, then:

r(e) " E
0
e!E

0
c
G
e2#2

3
E
0
c2
G
e3

!1
3
E
0
c3
G
e4#2 (8b)
1016
It is found that the high-order strain effects in the
stress response can be related to the magnitude of c

G
.

According to assumption 2, the Young’s modulus of
ith element, E

0*
, in the generalized nonlinear Maxwell

model can be written as:

E
0*

" a
*
b (9)

Using Equation 6, we have:

a
*
"

E
0*

2c
G

(10)

As a consequence, the differential equation for a non-
linear Maxwell element can be given by:

A1#
k
*

1!r
*
/a

*

d

dtBr
*
" k

*
E
0*

e5 (11)

where k
*
("g

*
/a

*
b"g

*
/E

0*
) is the characteristic time

of each element. If a strain e is instantaneously ap-
plied, the nonlinear Maxwell model gives:

r
*

a
*
!r

*

"

r
0*

a
*
!r

0*

e!t/k
* (12)

where r
0*

is the stress at t"0. Details of the deviation
are presented in the Appendix. Since the dashpot can
not be deformed by the sudden strain e, the initial
stress r

0*
can be shown, using Equation 2, to be:

r
0*

" a
*
(1!e!2c

G
e ) (13)

The substitution of Equation 13 into Equation 12
gives:

r
*
"

a
*
(1!e!2c

G
e) e!t/k

*

1!(1!e!2c
G
e ) (1!e!t/k

* )
(14)

The kernel (or response function) of the integral con-
stitutive equation is given by differentiating Equation
14 with respect to the strain e:

E
*
(t ; e) " A

­r
*

­e B
5

(15)

Therefore,

E
*
(t ; e) "

E
0*

e!2c
G
ee!t/k

*

[1!(1!e!2c
G
e ) (1!e!t/k

* )]2
(16)

The sum of Equation 16 becomes the relaxation
modulus of the nonlinear model. If e is sufficiently
small or the denominator of Equation 16 is approxim-
ately equal to unity, Equation 16 can be rewritten as:

E
*
(t ; e) " E

0*
e!2c

G
e e!t/k

* (17)

If the linear relaxation modulus E (t) can be defined by:

E (t) " +
*

E
0*

e!t/k
* (18)

then we have

E(t ; e) " +
*

E
*
(t ; e) " E (t)h (e) (19)

where

h (e) , e!2c
G
e (20)

As a result, the kernel can be divided into two terms
one containing the strain-dependent terms whilst



other term contains the time dependent terms. The
validity of Equation 19 has been experimentally pro-
ved for various crystalline polymers such as polyethyl-
ene and polypropylene [23—26].

When a time-dependent excitation, e.g., elonga-
tional deformation at constant rate, is applied, the
mechanical history effects can be linearly additive as is
demonstrated in Equation 18. Thus, the stress can be
expressed by the sum of the contributions of all the
previous step strains, i.e., the Boltzmann superposition
principle.

When the step strain is applied between t @ and
t@#*t @, it will create the following stress at a later time t:

*r(t) " E (t!t@ ) expC!2c
G

+
t@

*e (t @)D*e(t @) (21)

According to the Boltzmann principle, the stress at
time t can be obtained in the continuous limit as:

r (t) " P
t

~=

E (t!t @) e!2c
G
eA

de

dt @Bdt @ (22)

When a crystalline polymer is deformed, the plastic
deformation will be generated as previously described.
The plastic deformation will induce the overestima-
tion of the applied strain c which is defined as the ratio
of the increment of the length to the initial length of
the film specimen. A deformation applied to a material
is partially consumed as the plastic deformation and
the remainder of the deformation effectively strains
the material. Hereafter, we referred the strain e as the
‘‘effective strain’’ and the strain c as the ‘‘apparent
strain’’. Here, a transient effective strain fraction ( (t)
is introduced as defined by the following equation:

de " ( (t)dc " c5 ((t)dt (23)

where c5 is the apparent strain rate. The function ( (t)
indicates the contribution of the effective deformation
to the total deformation. Consequently, we have:

r (t) " P
t

~=

E(t!t @ )h (e)c5 ( (t @ )dt @ (24)

Equation 24 is the basic equation in the nonlinear
Maxwell model.

3. Calculation of parameters
Considering the case in which a crystalline polymer is
deformed at a constant rate c5 "R and the deforma-
tion is applied at t"0. In this case Equation 24 can be
expressed as the Volterra integral equation:

r (t)/R " P
t

0

E(t!t @ ; e)( (t @ )dt @ (25)

The solution for ( (t) is given by:

( (t) "

1

R
L~1C

L[r(t)]

L[E(t ; e)]D (26)

where the operators of L and L~1 denote the Laplace
transform and the inverse Laplace transform.

The Fourier transformation of Equation 19 gives:

F[E(t ; e)] " F[E(t)h (e)] (27)
where F is the Fourier transform operator. If E*(ix) is
the complex modulus at each instant of elongational
deformation, we have

F[E (t)] " ixE* (ix) (28)

Assuming that h (e) is almost independent of time in
the case that the frequency of the oscillatory deforma-
tion is much higher than the elongational strain rate,
h(e) can be calculated from the dynamic modulus of
the undeformed state E* (ix)t"0 as follows:

h (e) "

DE* (ix) Dt"t

DE* (ix) Dt"0

(29)

The value of h(e) at any elongation time t can be
calculated from the transient modulus during elonga-
tion. Therefore, the values of ((t) can be calculated
from Equation 26 using E (t) obtained from linear
stress relaxation data. Moreover, the effective strain
e at any elongation time t can be calculated by:

e " R P
t

0

((t @)dt @ (30)

Also, the fraction of apparent plastic strain /pl (t) can
be obtained by:

/pl (t) ,

c!e
c

" 1!
1

t P
t

0

( (t @)dt @ (31)

The /pl (t) indicates the accumulated plastic strain
when current deformation is applied.

4. Experimental
4.1. Sample characterization
In this work, the tensile properties of isotactic
polypropylene (i-PP) and low density polyethylene
(LDPE) in the small strain region are analysed using
the nonlinear constitutive equation. The samples were
of commercial origin. The i-PP has weight- and num-
ber-average molecular weights of 2.1]105 and
4.3]104, respectively, and the LDPE has values of
4.2]105 and 5.0]104, respectively. The LDPE con-
tains long chain branches of about 8.9 per 1000 carbon
atoms, a value that was estimated from simultaneous
measurements using intrinsic viscosity and gel per-
meation chromatography. The film specimens used in
this study were quenched. The densities of the i-PP
and LDPE films thus obtained were 909 and 919
(kgm~3), giving a degree of crystallinity of 0.69 and
0.48, respectively.

4.2. Measurements
In order to characterize the nonlinear viscoelastic
behaviour of the crystalline polymers, we measured
the oscillatory tensile modulus during uniaxial elonga-
tion using a dynamic mechanical analyser (DVE-V4,
Rheology Co. Ltd.). The apparatus was modified by
the authors so that one clamp oscillates sinusoidally
whilst the other one moves with a constant rate. The
strain and stress waves were analysed using Fourier
expansions.

The applied strain c was determined from the ratio
of the increment of the length to the initial length
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between the clamps. The tensile stress was estimated
from the load divided by initial cross-section using
assumption 3.

Consider a sinusoidal strain superimposed onto an
elongational strain:

c (t) " cel (t)#cos (t) sinxt (32)

and

cel (t) " Rt (33)

cos(t) "

cos

1#Rt
(34)

where x is the angular frequency of the oscillatory
deformation, cos is the amplitude of initial oscillatory
strain, and R is the strain rate. If the following condi-
tion can be attained, then the fundamental component
in the Fourier expansion of the applied strain is identi-
cal with Equation 32

R
2p

x
;1 or

R

f
;1 (35)

where f ("x/2p) is the frequency in Hertz. Thus, the
oscillatory moduli can be precisely determined under
the condition that the frequency of the oscillatory
deformation is much higher than the elongational
strain rate. The experimental conditions determining
whether or not Equation 35 is satisfied can be ob-
tained by measuring the Lissajous figure.

When a strain given by Equation 32 is applied to
a specimen under the conditions of Equation 35,
the stress wave can be expressed by the Fourier
expansion:

r (t) " a
0
(t)/2#+

n

an(t) sin nxt

#+
n

bn(t) cos nxt (36)

The coefficient a
0

is calculated by:

a
0
(t) "

x

p P
2p/x#t

t

r (t @ ) dt @ (37)

The fundamental components (n"1) can be cal-
culated from:

a
1
(t) "

x
p P

2p/x#t

t

r (t @) sinxt @dt @ (38)

b
1
(t) "

x
p P

2p/x#t

t

r(t @) cosxt @dt @ (39)

The absolute value of the complex modulus DE* D,
storage modulus E@, loss modulus EA, and the phase
difference d with respect to the oscillatory strain are
calculated using the following equations [9].

DE* (ix) D "

[a
1
(t)2#b

1
(t)2]1@2

cos(t) Kt"c/R

(40)

E @ " DE*(ix) D cos d (41)

EA " DE* (ix) D sin d (42)

d " cos~1Ma
1
(t)/[a

1
(t)2#b

1
(t)2]1@2N (43)
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Figure 2 Dependence of the oscillatory amplitude at 100 Hz and
298 K on the storage modulus during the elongation for a constant
rate of strain for i-PP. Data taken at c

%-
values of (a) 0%, (b) 2%,

(c) 4% and (d) 8%.

The elongational stress was determined by Equation
37 and the complex moduli were determined from
Equations 40—43 using Equations 38 and 39.

The measurements were performed using the
following conditions: the elongational rate was
1.0 mmmin~1, the initial length between the clamps
was 20 mm, the amplitude of oscillatory deformation
was 10 lm, the oscillatory frequency was 100 Hz, and
the temperature was 298 K.

Fig. 2 shows the dependence of the oscillatory de-
formation amplitude cos on the storage modulus E@
measured during elongation for i-PP. It was found
that the E@ value is independent of cos and the Lis-
sajous pattern is assumed to be closed under elonga-
tion, indicating that the linear transient moduli can be
precisely measured during elongation using the re-
ported experimental conditions.

The linear relaxation function E (t) was estimated
from the master curves of the oscillatory moduli in the
undeformed states [27] using:

E (t) " E@ (x)!0.560EA(x/2)#0.200EA(x) Dx"1/t

(44)

The master curve for i-PP is shown in Fig. 3. The
oscillatory moduli were measured over the frequency
range of 0.02—200 Hz in the temperature range of
290—353 K. The master curves of the oscillatory
moduli were obtained in terms of both vertical and
horizontal shifts.

5. Results and discussion
Fig. 4 shows the stress—strain curves obtained in the
strain range below 10% in which both films showed
no stress-whitening or necking. It was confirmed (but



Figure 3 The master curves of the oscillatory moduli of i-PP.

Figure 4 Stress—strain curves of (a) i-PP and (b) LDPE.

not shown here) that the stress—strain curves measured
using oscillatory deformation were identical with the
curves measured simultaneously without any oscilla-
tory deformation.

In Fig. 5, the complex moduli DE* D are plotted
against the elongational strain. The magnitude of DE* D
decreases monotonically with increasing c. The de-
creases in DE* D for i-PP is greater than that for LDPE.
The decreases in DE* D with c indicates a deviation from
Hooke’s law which is due to the anharmonicity of the
intermolecular potential, the plastic deformation, and
the viscoelasticity. Values for h (e) can be estimated
from DE* D as a function of elongational time using
Equation 29.

Substituting the numerical values of r(t) estimated
from Fig. 4 and the values of E(t; e)"E (t)h (e) into
Equation 26, the transient effective strain fraction ( (t)
can be calculated as a function of elongational time.
Moreover, the fraction of plastic deformation /pl (t)
Figure 5 Oscillatory complex moduli DE* D during elongation
plotted against the applied elongational strain for (a) i-PP and
(b) LDPE.

Figure 6 Effective strain fraction ((t) plotted against the elonga-
tional time for (a) i-PP and (b) LDPE.

can be estimated using Equation 31. Figs 6 and 7 show
the dependence of the elongational time on ( (t) and
/pl (t), respectively. As seen in these figures, the magni-
tude of plastic deformation for both films shows
a monotonic increase with the elongation. It is ob-
served that the plastic deformation for i-PP with
a higher crystallinity is much greater than that of
LDPE.
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Figure 7 Plastic strain fraction /
1-

(t) plotted against the elonga-
tional time for (a) i-PP and (b) LDPE.

Figure 8 Oscillatory moduli during elongation plotted against the
effective strain e for (a) i-PP and (b) LDPE.

In Fig. 8, the transient moduli under elongation are
plotted against the effective strain e calculated using
Equation 30. The semilogarithmic plot gives a line
with a negative slope as expected from Equation 20.
This indicates the validity of the present constitutive
equation to describe the tensile behaviour of crystal-
line polymers. The Grüneisen constant c

G
, which rep-

resents the nonlinearity of elasticity, can be estimated
from the slope of the line using Equation 5, giving
c
G
"8.9 for i-PP and c

G
"2.5 for LDPE. It was

found that the nonlinearity of i-PP is much greater
1020
than that of LDPE. These values are comparable with
the values published elsewhere [28, 29].

6. Conclusions
We have proposed a new integral nonlinear constitut-
ive equation for crystalline polymers, in which the
plastic deformation and the anharmonicity of the
spring constant are taken into account. Data on
the transient moduli during elongation are needed for
the determination of the nonlinear viscoelastic behav-
iour of i-PP and LDPE. As a result, the simultaneous
measurements of small oscillatory and elongational
deformation were performed and the values of the
factors were used to calculate values for physical
quantities such as the plastic deformation fraction and
the Grüneisen constant.

The following points about the present analytical
method should be noted. If the frequency of oscillation
is too low, the oscillatory moduli can not be precisely
evaluated because the Lissajous pattern is unclosed.
On the other hand, if the frequency is much higher, the
oscillatory moduli become the adiabatic (dynamic)
moduli rather than the isothermal (static) ones. Thus,
the higher frequency oscillation is no longer identical
with the transient moduli during elongation at a lower
strain rate. In general, the relationship between the
adiabatic bulk modulus, K

S
, and the isothermal bulk

modulus, K
T
, can be given by:

K
S
" K

T

Cp

Cv

(45)

where Cp and Cv are the specific heats at constant
pressure and at constant volume, respectively. Thus,
we must be careful to distinguish between the
adiabatic (dynamic) modulus and the isothermal
(static) modulus.

Moreover, if we obtain data on the transient Pois-
son’s ratios, assumption 3 can be omitted. Then, the
nonlinear parameters such as the plastic deformation
fraction and the Grüneisen constant can be more
precisely determined by the extension of the one-
dimensional constitutive equation to a three dimen-
sional representation.

Appendix
For simplicity, we introduce a reduced stress defined
by:

s
*
" r

*
/a

*
(A1)

Then, Equation 11 can be rewritten as:

A1#
k
*

1!s
*

d

dtB s
*
" 2k

*
c
G
e5 (A2)

We let J
*
"1/(1!s

*
). Then Equation A2 can be re-

written as:

JQ
*
#P

*
(t)J

*
" k~1

*
(A3)

and

P
*
(t) " k~1

*
(1!2k

*
c
G
e5 ) (A4)



Equation A3 becomes the Bernoulli equation. The
solution for J

*
is given by:

J
*
" e

!P
t

0

P
*
(t@ ) dt@

Ck~1
* P

t

0

e P
t@

0

P
*
(tA) dtA

dt@#C
*D
(A5)

where C
*
is a constant. In the case of the stress relax-

ation test, putting e5 "0 into Equation A5, we obtain:

J
*
"1#(C

*
!1) e!t/k

* (A6)

Equation A6 can be rewritten as Equation 12 in the text.
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